(Dated: August 11, 2008) We predict a new class of excitations propagating along a Josephson vortex in two-dimensional Josephson junctions. These excitations are associated with the distortion of a Josephson vortex line and have an analogy with shear waves in solid mechanics. Their shapes can have an arbitrary profile, which is retained when propagating. We derive a universal analytical expression for the energy of arbitrary shape excitations, investigate their influence on the dynamics of a vortex line, and discuss conditions where such excitations can be created. Finally, we show that such excitations play the role of a clock for a relativistically-moving Josephson vortex and suggest an experiment to measure a time dilation effect analogous to that in special relativity. PACS numbers: 05.45.Yv, 03.75.Lm, 74.50.+r Introduction.-The sine-Gordon (SG) model describes a variety of physical systems, including ferromagnets, information transport in microtubules, dislocations in crystals, nonlinear optics, Josephson junctions and high temperature superconductors (see, e.g., 1, 2, 3, 4 ).
The (1+1)D SG model is fully integrable and possesses well known exact solutions in the form of solitons and breathers 3, 4 . Depending on the physical realization, they describe different objects, for instance, magnetic domain walls in ferromagnets or vortices (fluxons) in
Josephson junctions. There exist mathematical techniques that allow constructing solutions of the (1+1)D SG, such as the Bäcklund transformation, the Hirota and inverse scattering methods (see, e.g., 3, 4 ). Although real systems described by the SG model may contain additional terms associated with damping or external conditions, such terms can be taken into account as perturbations to the exact solutions 5, 6 .
To describe realistic systems, such as two-dimensional Josephson junctions, one should depart from the well studied (1+1)D model and deal with the (2+1)D SG equation, which is no longer fully integrable. The extra dimension opens new avenues for the existence of phenomena which are absent in the 1D case (see, e.g., 7, 8, 9, 11 Model.-Consider a 2D Josephson junction described by the (2+1)D SG equation,
where ϕ is the superconducting phase difference across the Josephson junction. Here, the coordinates x and y are normalized by the Josephson penetration length λ J , and the time t is normalized by the inverse Josephson plasma frequency ω 
which satisfies Eq. (1) exactly with an arbitrary real-valued twice-differentiable function f (ξ). The excitations, described by f , are associated with a local shift of a Josephson vortex in the transverse direction and have analogies with elastic shear waves in, e.g., solid mechanics and seismology 17 . Such distortions propagate along the stationary vortex line with the fixed speed |u| = 1 in units of the Swihart velocityc = λ J ω p . Hereafter, we will refer to these excitations as shape waves.
Because of the arbitrariness of f , Eq. (2) describes a variety of excitations of various shapes. Choosing f localized in a finite area, e.g., f = A/ cosh(x − t), Eq. (2) describes an excitation, localized along x that keeps its shape when propagating, i.e., a solitary wave 4 . For each solitary wave of this type, there exists an anti-partner with an f of opposite sign in Eq. (2) . For solitary waves to be solitons, there is an additional important criterion: restoring their shapes after they collide. Consider a trial function Since the equation (1) is Lorentz-invariant, one can obtain other solutions performing Lorentz transformations on Eq. (2). A Lorentz transformation along the x-axis leads to a Lorentz contraction of the excitation, but does not lead to any solution outside the class of Eq. (2), only rescaling the arbitrary function f (ξ). The Lorentz transformation along y turns out to be far more interesting, leading to a class of solutions more general than Eq. (2).
After such transformation, which describes a Josephson vortex line moving with −1 < v < 1 and a propagating shape excitation described by f (ξ).
We will show that, apart from the Lorentz contraction 14 , a propagating Josephson vortex exhibits time dilation which influences the dynamics of its shape excitations, Eq. (3).
Recently, the Lorentz time dilation of a bound half-fluxon pair has been numerically stud- Indeed, the shape excitation moving along a fluxon provides such a clock. In other words, the position of the excitation on a fluxon acts as a "minute-hand". From Eq. (3) the position of a vortex changes with time as y 0 (t) = v t, while the position of the excitation is
. Thus, the excitation moves along x with
In other words, all dynamic processes related to a relativistic moving vortex are slowed down by a time dilation factor (1 − v 2 ) 1/2 , as in special relativity, compared to the stationary vortex. Our numerical calculations confirm that the collision of two solitary waves is also slowed down, compared to the collision at the rest frame as in Fig. 1 . 
. We obtain the following analytic expression for the total energy:
which is exact in the limit W → ∞ and valid for an arbitrary excitation f (ξ) of height ∆f . As seen from Eq. (4), the energy ∆E can take negative values if f is a kink (∆f = 0) propagating along a moving vortex line. Indeed, this is in agreement with our numerical simulations on 
Thus, the presence of a shape wave can be directly detected by measuring voltage on the Josephson junction, proportional to v . A convenient system to study shape excitations would be a Y junction introduced into a ring, forming a σ-shaped Josephson junction which has been recently realized experimentally with high-T c in the context of generation of Terahertz waves 11 .
The effect of time dilation is to slow down the shape excitation when the vortex line reaches relativistic velocities. If the velocity of the shape excitation is smaller than some critical value, it will be directed to the left branch of the Y junction, as on the Fig. 2b , while the vortex propagating in the right branch will remain undisturbed. On the other hand, if the shape excitation propagates faster, it will be directed to the right branch, shape wave can carry negative energy, i.e., a vortex with a shape excitation can have smaller energy than the same vortex without it. Based on our analysis, we suggest how to test a time dilation effect analogous to that in special relativity: using the shape excitation as a "minute-hand" measuring the proper time of the vortex's coordinate frame. 
